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Abstract 
We study the relation between k-arcs and dual k-arcs. In particular, we look at the (q +2)-arcs in 
PG(2, q) and in PG(q-2,q), q even. It will be shown that the problem of finding all the 
o-polynomials of the (q + 2)-arcs in PG(2, q). q even, is equivalent with the search for all the points 
of PG(q-2,q), q even, which extend the normal rational curve {(l,r, . . ,t4-‘) I/ rgGF(q)+} to a 
(q +2)-arc. 
1. Introduction 
Let Z=PG(n,q) denote the n-dimensional projective space over the field GF(q). 
A k-arc of points in C, k3n + 1 and n32, is a set K of k points such that no n+ 1 
points of K belong to a hyperplane of C. 
A linear [n, k,d] code C over GF(q) satisfies the condition d <n- k+ 1 [S, p. 331. 
When d equals n-k + 1, the code C is called an MDS (maximum distance separable) 
code. 
For k 3 n + 1 and II > 2, k-arcs of PG(n, q) and linear MDS codes of dimension n + 1 
and length k over GF(q) are equivalent objects. An s x t matrix G, with s > 3, over 
GF(q) defines a linear [t, s, t-s + l] MDS code over GF(q) if and only if its t columns 
define a t-arc in PG(s- 1, q). This implies that any result on k-arcs can be translated in 
terms of linear MDS codes of dimension at least 3, and conversely. 
A linear [n, k] code C is MDS if and only if its dual code C’ is MDS [S, p. 3191. The 
columns of a generator matrix G of an [n, k, n-k + l] MDS code C, with 3 <k Q n - 3, 
and the columns of a generator matrix H of the dual [n, n-k, k + 11 code C’ form 
so-called dual n-arcs [7]. 
We shall show that a k-arc K and a dual k-arc d have isomorphic collineation 
groups. 
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We shall also study in detail (q+2)-arcs in PG(2, q) and the dual (q +2)-arcs in 
PG(q - 2, q), q even. 
A (q + 2)-arc in PG(2, q), q even, is called a hyperoval. 
A hyperoval K in PG(2, q), q = 2h, k > 2, which contains the points of the projective 
reference system, can be written as K = { (1, t, F(t)) 11 tEGF(q)}u{ (0, l,O), (O,O, 1)) 
where F is a permutation polynomial of degree at most q - 2, satisfying F(0) = 0 and 
F(l)= 1. Further, for each sEGF(q), the polynomial FCs)(X)=[F(X+s)+F(s)]/X is 
a permutation polynomial satisfying F’“‘(0) = 0 [3, p. 1741. 
Permutation polynomials which arise in this way are called o-polynomials [l]. 
We will show that these o-polynomials are in one-to-one correspondence 
with the points of PG(q-2, q) which extend the normal rational curve 
{(l,t,...,t@ ) 11 tEGF(q)+} (GF(q)‘=GF(q)u(x}; co$GF(q); cc corresponds with 
(0, . . ,O, 1)) to a (q+2)-arc, q even. 
2. k-Arcs and dual k-arcs 
Suppose K = ( pl, , Pk} is a k-arc in PG(n, q), k 3 n + 4. Fix the coordinates of the 
points of K and order the points of K. The (n + 1) x k matrix G = (pl . . . pk) determines 
a vector space (an MDS code) VI = V(n+ l,q), which is a subspace of V(k,q). 
The space VI has a unique orthogonal complement V2 = V(k - n - 1, q) in V(k, q). 
Then V2 is also an MDS code [S, p. 3 191. All k-arcs (ql, . . . , qk} of PG(k - n - 2, q) for 
which the coordinates of the qi and the indices i can be chosen in such a way that the 
(k-n- 1)x k matrix H=(q, “‘qk) generates V2, are called dual k-arcs of the k-arc 
{pr, . . . ,Pk} in PG(n,q) [7]. With another ordering of K and choosing other coordin- 
ates for the points of K, we obtain the same set of dual k-arcs. 
All dual k-arcs of { p1 , . , pk} are projectively equivalent. For, two (k-n - 1) x k 
matrices (ql ... qk) and (rr ... rk) generate V2 if and only if there exists a matrix A in 
GL(k-n-l,q) such that A(qr . ..qk)=(rr ...~k). Thus Aqi=Ti, i=l,...,k. This 
implies that the k-arcs (41, , qk} and {rr , . . . , rk} are projectively equivalent in 
PG(k-n -2, q). Analogously, by using the same proof, if the k-arc {rl, . . . , rk) is 
projectively equivalent in PG(k-n-2, q) with the dual k-arc {ql, . . . ,qk} of 
iP 1, ... > &}, suppose Aqi=ri (i’ 1, . . . , k; AEGL(k-n- 1,q)); then {rl, ,rk } is also 
a dual k-arc of the k-arc { pl, . . . ) pk} in PG(n, q). 
We conclude that to a given k-arc K = { pl,. . . , pk} of PG(n, q), there corresponds 
one class of projectively equivalent (dual) k-arcs pi in PG(k-n-2, q). 
But analogously, with each of these k-arcs EC in PG(k - n - 2, q) corresponds one 
class of projectively equivalent (dual) k-arcs in PG(n, q). This class contains the k-arc 
K = { pl, . . , pk}. Therefore, these k-arcs I?, are the dual k-arcs of all k-arcs in PG(n, q) 
which are projectively equivalent to K. 
Hence, there is a bijection of the classes of projectively equivalent k-arcs in PG(n, q) 
onto the classes of projectively equivalent k-arcs in PG(k-n-2, q); the image of 
a class of k-arcs is the class of its dual k-arcs. 
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Theorem 2.1. A k-arc K in PG(n, q), k 2 n + 4, and a dual k-arc Z? in PG(k - n - 2, q) 
have isomorphic collineution groups and isomorphic projective groups. 
Proof. Let K={pt,..., pk} beak-arcinPG(n,q),kan+4andq=ph.The(n+1)xk 
matrix (pl ... pk) determines a vector space V= V(n+ 1, q) in V(k,q). If the 
(k-n- 1) x k matrix (ql ... qk) generates the orthogonal complement V’ of V in 
V(k, q), then i = {ql,. . . , qk} is a dual k-arc of K. 
If the collineation 
with a=pj, fixes K, then the sets K’={pT, . . ..pE}. with 
and K are projectively equivalent. 
Assume Apf=AipzCi), with rc a permutation of degree k and li #O, i= 1,2, . . . , k. 
The (n+ 1)x k matrices (py ...pi) and A(pt ...p~)=(~,~,(~,...~~p~(~)) determine 
the same vector space v’. 
Since the matrix (481 ... qi) determines the orthogonal complement V” of v’ in 
V(k,q) and since the matrices ((l//ll)q,,l, ... (l/&)qnCk)) and (1,p,,,, ... &p,,,,) deter- 
mine orthogonal vector spaces, (q! ... qf) and ((l/ll)qxCIJ . ..(l/&)qnCk)) both generate 
V “. Therefore, there must be a matrix B in GL(k- n - 1, q) such that 
B(q81 ... 43=((l/Mq,o, ... (l/‘l+)qnCk,). The collineation 0 in PTL(k- n - 1, q) defined 
by 
fixes k, and since k 2 n + 4, p is uniquely defined by g and p(qi) = q=(i), i = 1, . . , k. 
We conclude: to every collineation c1 in PTL(n + 1, q) which fixes { pl, . . . , pk}, there 
corresponds a unique collineation p in PTL(k-n- 1, q) which fixes {ql, . . . , qk); 
moreover, c( and p have the same companion automorphism of GF(q) and if 
a(Pi) = px(i), then P(qi) = qn(i), i = 1, . . . , k. 
This implies that the collineation groups of K and k are isomorphic. 
Putting 0 = 1, we see that the projective groups of K and k are also 
isomorphic. 0 
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3. Normal rational curves and (q+2)-arcs in PG(q-2, q), q eve11 
3.1. Introduction 
The existence of (q + 2)-arcs in PG(q - 2, q), q even, was proved by Thas who found 
such arcs when he introduced the notion of dual k-arcs in [7]: (q-t 2)-arcs in 
PG(q - 2, q) are dual arcs of (q + 2)-arcs in PG(2, q), q even. 
A normal rational curve in PG(n, q) (2 d n d q -2) is a (q + 1)-arc projectively 
equivalent with the set of points { (1, t, . . . , t”) 11 teGF(q)+} (GF(q)’ =GF(q)u(co); 
co corresponds with (0, . . . ,O, 1)). 
Any (n + 3)-arc of PG(n, q) belongs to a unique normal rational curve of PG (n, q) 
[4, p. 2291. Hence, every (q + 1)-arc of PG(q-2, q) is a normal rational curve of 
PG(q - 2, q) and we must give all points of a normal rational curve K in PG(q - 2, q) in 
order to characterize it completely. 
This also shows that a (q + 2)-arc K in PG(q -2, q), q even, contains q + 2 normal 
rational curves, each of which is determined by q + 1 points of K. Every (q +2)-arc of 
PG(q -2, q), q even, is the result (in q + 2 different ways) of extending a normal 
rational curve of PG(q-2, q) to a (q+2)-arc. 
We will, therefore, look at the normal rational curve {(1, t, . . . , tqe2) 11 tEGF(q)+} in 
PG(q - 2, q) and investigate how this (q + I)-arc can be extended to a (q + 2)-arc. 
3.2. The nucleus of a normal rational curve in PG (q- 2, q), q even (q > 8) 
Thas studied normal rational curves in PG(q - 2, q), q even, in [S]. 
In PG(n, q), 2 < n 6 q - 2, the osculating hyperplane at a point p of a normal rational 
curve K is the unique hyperplane through p which intersects K at p with multiplicity n. 
If K*=((l,t,...,t qe2) 11 rEGF(q)+ >, q even, the osculating hyperplane at 
(l,t0, . . . ,tz-2) is t40-2XO+t40-4X2+...+t40-2-2i X2i+...+Xq_2=0. All these OS- 
culating hyperplanes intersect in the ((q/2)-2)-dimensional subspace tll : X2i = 0 
(06id(q/2)-1). 
Let CC,, be the whole space PG(q-2,q). 
The tangent line to K0 at ~(1, t, . . . , tqm2) is the line joining p to the point 
p1(0,1,0,t2,0,t4,0 )...) 0,tq-4,0) of c(1. These points p1 constitute a normal rational 
curve K1=((l,t, ...,t’q’2’-2) II teGF(q)+} in a,. The curve K1 is called the tangent 
curve of K,, [S]. 
We may now apply the same reasoning to K1. The osculating hyperplane in a1 to 
K1, at the point with parameter t,,, is 
i 
xzi=o, i=o, . . . ,(q/2)- 1, 
tb4/2)-2XX1+tb4i2)-4X5+...+tb4’2)-2-2jX4j+1.t...=O, O<j<(q/d)-1. 
These osculating hyperplanes intersect in 
X,i=O, i=o, . . . ,(q/2)-1, 
“I X4j+1=0, j=O ,..., (q/4)-1. 
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The tangent lines to K1 intersect t12 in the points of the normal rational curve 
K2={(1,t, ...,t(q’4)-2) 11 tEGF(q)+} in tx2. The curve K2 is called the tangent curve 
of K,. 
Proceeding in this way, we obtain a normal rational curve 
in 
Kk=((l,t,...,t 2h-r-2) 11 tEGF(q)+ > 
elk: Xj=O (j#2ki+2k-1; 0<i<22h-k-2), 
which is called the tangent curve of the normal rational curve Kk_ 1 in ak-1. 
We finally obtain a conic K,_, in the plane 
clh-2: Xj=O (j#2h-2i+2h-2-1; i=O, 192). 
This conic has as nucleus the point e~q,2~_l(ao,...,a~q,2~-2,a~q,2~_~,a~qj2~,...,uq_2)= 
(0, . . . ,O,l,O )...) 0). 
This point e(q,2J _ 1 is also called the nucleus of Ko. 
This nucleus 
determinant 
extends K0 to a (q+%)-arc [S]. Consider the (q - 1) x (q - 1) 
1 
Xl 
xy2)- 1 
q-2 
Xl 
. . . 1 
. . . Xq-2 
(412) - 1 . . . Xq-2 
. . . x,“:: 
= 
1 
x1 
(q/2)--2 
Xl 
x:412) 
q-2 
Xl 
. . . 1 
. . . 
xq-2 
(q/2) - 2 . . . 
xq-2 
(q/2) . . . 
xq-2 
. . . q-2 
xq-2 
1 . . . 1 
Y: ... yf-2 
q--4 
Yl 
. . . y;g; 
Yl ... Yq-2 
Y: ... y,“-2 
q-3 
Yl . . . y;;; 
#O 
if and only if all Yi are different. Therefore, e(q,2J- 1 extends K. to a (q+2)-arc in 
PG(q - 2, q). 
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Lemma 3.1. For q even, 
c cc’=1 o i=Omod(q-1), 
aeGF(q)* 
1 a’=0 o i$Omod(q-1). 
d E GF (4)’ 
Proof. If i=Omod(q-l), then CaeGF(q) .a’=q- 1= 1. If i+Omod(q--l), then, if x is 
a primitive element, 
c ai= 1 +x’+(x2)‘+ . . . +(x4_2)i 
aeGF(q)* 
= 1 +x’+(x’)2+ . ..+(x’)q-2 
_(xi)q-l-1 (x”_l)i- 1 =. 
= 
xi-l xi-l ’ 
q 
Let ej be the point of PG(q-2, q) with as coordinates a one in the (j+ 1)-th 
place and zeros elsewhere. This means that ej(Uo, . , aj_ 1, aj, aj+ 1,. . . , a,_*)= 
(0, . . . ,O,l,O,..., 0) (e.g. eO(l,O, . . . ,O), e,(O, 1,0 ,..., 0) and e,_,(O ,..., 0,l)). 
Theorem 3.2. The set ((1, t, . . . ,tqe2) 11 t~GF(q)+}u(eq_2k--l) is a dual (q+2)-arc of 
the translation hyperoual { (1, x,x”) )I xEGF(q)}u{ (0, l,O), (O,O, l)} in PG(2, q); here 
q=2h, 1 <k<h, (h,k)= 1. 
Proof. We shall show that the matrices 
1 . . . 1 1 0 0 
x1 ... x~_~ 0 1 0 
2k 
Xl ... xg, 0 0 1 
and 
H= 
1 
x1 
q-2k-1 
Xl 
q-3 
Xl 
q--2 
Xl 
. . 1 1 0 0 
. xq-1 0;; 
. . . . . . . . . 
. . 
. . . . 0 . 
. . x;::“-’ 0 0 1 
. . 
. 0 . . . 
. . . . . . . . . 
. xq-1 q--3 0 0 0 
. . xq- q--2 1 0 1 0 
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(xi = xi, i = 1,2, . . . , q - 1, x a primitive element of GF(q)) define dual codes. 
Each row of G must be orthogonal to every row of H. This follows from Lemma 3.1. 
Hence the matrices G and H define dual codes. 
The columns of G are the points in the set K= {(1,x, x2’) 11 xeGF(q)}u{(O, LO), 
(O,O, l)}. This is a (q + 2)-arc in PG(2, q) if and only if (h, k)= 1; in such a case K is 
called a translation hyperoval [3, p. 1851. 0 
Remark3.3. For l$kdh-2,thepointe,_,k_, belongs to the normal rational curve 
Kk in the (2h-k - 2)-dimensional subspace elk (see Section 3.2). It is the point of Kk with 
parameter co. 
A normal rational curve has a 3-transitive projective group. Therefore, all points of 
Kk are equivalent with respect to KO. 
We conclude that the points of Kk extend K,, to a (q + 2)-arc K if and only if (h, k) = 1 
(q=2h). These (q+2)-arcs K are dual (q+2)-arcs of the translation hyperovals 
{(l,x,~~~) II x~Wq))u{(O, LO), (O,O, 1)) in W’Lq). 
Theorem 3.4. The nucleus of the (q+l)-arc K={(1,t,...,tq-2)11t~GF(q)}u 
{eq_2~_1}, with l<k<h, is the point eq_2k-I-1. 
Proof. We shall first show that K is a (q + 1)-arc. We replace t by z’, with (r, q - 1) = 1. 
This means (1,t ,..., tq-‘)=(l,z’, . . . . (z’)~-~)=(u~, .. . . u~_~). 
We select I in such a way that ~~-~k_ 1 =zqm2. This is valid when 
r(2h - 2k - 1) = q - 2 mod (q - l), i.e. r2k = 1 mod (q - 1). We have (2k, 2h - 1) = 1. There- 
fore, r = ( 1/2k) mod (q - 1). 
Thus, (4, q I)...) Uq_2k_1 )...) uq-2)=(1,z’, . . . ,zq-2, . . . ,(zrre2), r=(1/2k)mod(q-1), 
which proves that eq _ 2~ _ 1 is the point with parameter z= co in the normal rational 
curve {(l,z’,..., (z’)~-~) 11 zEGF(q)+}. This shows that K is a (q+ 1)-arc. 
The nucleus of K is the point ei where i is the index for which 
ir = (q/2) - 1 mod (q - 1). Therefore, i = q - 2k- 1 - 1 which proves the theorem. 0 
Remark 3.5. The point eq_ 2k+ I _ 1 is the intersection of &+ 1 with the tangent line to 
the normal rational curve Kk at eq_ zk- 1 (0 <k < h - 3) (see Section 3.2). 
The preceding theorem then shows that the tangent to Kk at eqmzk- 1 intersects 
Kkfl in the point eq_2k+l_t such that eq-2r_1 is the nucleus of the normal 
rational curve (Ko\{eq_2})u{eq_2~+~_1}={(1,tr...,tq-2)~~ t~GF(q)}u{eq-2~+~-,} 
(OQk<h-3). 
Theorem 3.6. The nucleus of a normal rational curve K in PG(q - 2, q), q even, is the 
unique point of PG(q - 2, q) which is invariant under the projective group of this normal 
rational curve K. 
Proof. Assume K={(l,t ,..., tqp2) 1) tEGF(q)+}. The nucleus of K is the point 
qqi2j-1(0, . . . , 0, LO, . . ,O) (see Section 3.2). 
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If p is invariant under the projective group of K, p must be invariant under 
the transformations c~~:(x~,...,x~_~)H(x~,~x~,...,~~~~x~_~), oeGF(q)*. Thus 
p=f?i(O ,..., O,l,O ,..., 0), O<i<q-2. 
p must also be invariant under the transformation /? : (x0, . . . , xq_ 2) H (x, _ 2, . . . , x0). 
Thus i=q-2-i or i=(q/2)-1. 
Consequently, p is the nucleus of K. This point must be invariant under the 
projective group of K since it is geometrically defined in Section 3.2. 0 
Theorem 3.7. Consider a (q + 2)-arc K in PG(q - 2, q), q even. The q + 2 subsets of size 
q + 1 in K constitute q + 2 normal rational curves in PG(q -2, q). The q + 2 nuclei of 
these normal rational curves belong to a plane of PG(q - 2, q), in which they form a dual 
(q + 2)-arc of K. 
Proof. 
(a) q28. 
Part 1: Choose coordinates such that K= {e,,, . . . ,eq-2,rq_l,rq,rq+I} with: 
f?i=(O ,..., O,l,O, . . . . 0), O<i<q-2, rg_l=(l ,..., l), rq=(l,x,xz ,..., x4-‘), x a 
primitive element of GF(q), r4 + I = ( y,, . . . , yq _ 2), where y. = 1 and ail yi are different 
from one another and are non-zero. The (q - 1) x (q + 2) matrix 
1 
HE ; 
i i 
Yo 
X 
x4-2 
Y,-2 
~(*-l)x(*-1) 1 
generates an MDS code C and the matrix 
( 
1 0 0 1 1 ..* 1 
G= 0 1 0 1 x ... xg-2 
0 0 1 Yo Yl .‘. Yq-2 
generates the dual MDS code C’ of C. (This follows from [S, p. 51 but also from the 
connection between representable matroids and their duals [9, pp. 141-1431, and the 
observation that a k-arc is a representation over GF(q) of a uniform matroid.) 
The columns of G constitute a set Kr={(l,O,O), (O,l,O), (O,O,l)}~{(l,x~,y~)~~ 
0 < i < q - 2) which is a dual (q + 2)-arc of K (see Section 2). 
Part 2: We first look for the nucleus p1 of the (q + 1)-arc 
_._ L {eo,... lI+1-- , e,, _ 2, rp _ 1, r,}. This nucleus must be invariant under the projective 
group of L, + 1 (Theorem 3.6). Thus, p1 is invariant under the cyclic permutation of the 
coordinates, which fixes L,+l. This means pI(l,z, . . . ,zgm2) (z#O). 
L ,+lisalsofixedunderthetransfo~ationa:(xo,...,xq_2)~(xO,xq_2/xg~2,...,~l/~). 
Then a(pl)=pl if and only if z/x=zg-20z=xgi2. 
Thus ~~(1, x~‘~,(x~)~‘~, . . . (x~-~)~‘~). 
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Part 3: The nucleus of the (q+l)-arc Lq={eO ,..., eq_-2,rq_-lrrq+l} is 
Pz(Y:‘2 , . . . ,y;‘Z2). Indeed, we know that the q-2 elements Yi are all the elements of 
GF(q)*. We can then proceed as in Part 2. 
Part 4: Consider the collineation p:(XO, . . . ,x,_~)H(x#~, . . . ,Xi’22). It fixes 
eo,...,eq-2,rq-l and maps rJl,x, . . . . x”-‘) (resp. rq+l(yo, . . . . yqm2)) onto the 
nucleus of the normal rational curve L,+ 1 = { eo, . . . , eq_ 2, rq_ 1, r,} (resp. 
Lq={e0,...,eq-2,rq-1,rq+1}). 
Clearly, /I is the unique collineation of PTL(q- 1, q) which fixes the q points 
eo, . . . ,eq-2, rq- 1 of K and for which the images of the remaining points rq and 
rq+ 1 are the nuclei of the normal rational curves {eo, . . . , eq_ z, rq_ 1, r,} and 
{e 0,...,eq-2rrq-l,rq+l 1. 
So the following conclusion holds: let L,L’ be normal rational curves contained 
in K. Suppose that a collineation /I of PTL(q- 1, q) fixes the q points in LnL’ and 
suppose that /I maps the unique point of L’\ L onto the nucleus of L’. Then /I maps the 
unique point of L\L’ onto the nucleus of L. 
Part 5: We will use Part 4 to determine the nucleus p3 of the (q+ 1)-arc 
Lq-l=(e0,...,eq-2,rq,rq+l}. 
We already know the nucleus of L,+ 1 (see Part 2). We look for a collineation 
y in PTL(q-l,q) which fixes the q points eo,...,eq_2,rq in Lq_InLq+, and for 
which ~(1, . . . , 1) is the nucleus of the normal rational curve Lq+l. In other 
words, y(l)..., l)=(l,~~‘~,(x~)~‘~ ,..., (x~-‘)~‘~). This means y:(xo ,..., x~_~)I--+ 
q/3 (x0 ,xq’2x q/3 1 ~...,(X’Xi)q’2,...,(Xq-2Xq_2)q’2). 
We then know from Part 4 that 
P3=Y(Yo, ... ~Yq_3)=(Y~‘2~(Y~X)q’27 *.. ,(YiX’)“‘, ... 9(Yq_2Xq-2)q’2) 
is thenucleusofthe(q+l)-arcLq_,={eo,...,eq_2,rq,rq+~}. 
Part 6: We now determine the nucleus of the (q + 1)-arc Li = K \ (ei} (0 < i < q - 2). 
We again use the result of Part 4. 
We know the nucleus of Lq+l={eo,...,eq_2,rq_I,rq}. We look for the 
collineation 6 which fixes the q points of K \ {ci, rq + 1 } common to L, + 1 and Li and 
for which 6(ei) is the nucleus of Lq+l = {eo, . . . , eqm2, rq_ 1, rq}. Equivalently, 
6(ei)=(1,Xq’2,(X2)q’2, . . . ,(Xq-2)q’2). 
This is the collineation: 
s 
a 
x0 
:q-2 
H 
a0 0 . . . 0 1 0 . . . 0 
oa, ; x4/2 
; 0 . . . 0 ; ; ; 
. . . . . . cli_l i . . . . 0 . . (x’)4/z (j i . . . . . . Q+l . . . . . . 0 . . . 1 . . . . . . . . 0 
,b 0 . . . (j (x4-‘2)q:2 0 . 
aq-2 
q/2 
x0 
22 
xq-2 
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where Clj = xjgi2 + xiq’2 ( j # i; 0 < j 6 q - 2). 
We know from Part 4 that 6(rq+i)=8(Y,,, . . . , y,_,) is the nucleus of Li=K\(ei}. 
We define cli = xiqi2 + xiq/2. If S(Y 0, . . ..Yq-z)=(yb. . . ..Yb-2). then 
y~.=,x.y~~2+xM2y~~2 
I 
xjg/2 61: 
(0 d j < q - 2). 
yj +xig!2yg~~+xjgi2 
Equivalently, y>= (xjq12 + xiqi2)yqi2 + xjgi2yqi2 = 
Y!‘~. This means that 6(y,, . . . ,y,_,)=p,+~‘~~~p~+y~~~p~ 
where p3 is the nucleus of L, _ 1 (see Part 5), p2 is the nucleus of L, (see Part 3) and p1 is 
the nucleus of L,+ I (see Part 2). We conclude that these q+ 2 nuclei belong to the 
projective plane generated by pl, p2 and p3. In this plane, these q + 2 nuclei constitute 
a set of points projectively equivalent to { (l,(~~)~/~, (Yi)g’2) 110 < i < q - 2) u{ (1, 0, 0), 
(0, LO), (O,O, 1)). Th’ is is a (q+2)-arc equivalent under PTL(3, q) with the (q+2)-arc 
Kr ={(l,xi,Yi) /I OQi<q-2}u{(l,O,O), (O,l,O), (O,O, l)} which is a dual (q+2)-arc of 
K (see Part 1). 
(b) q=4 
Considera6-arcK={p,,..., p,}inPG(2,4).Everysubset{pi ,...) pi-i,pi+i )..., ~6) 
of size 5 defines a conic Ci in PG(2,4) which can be uniquely extended to a 6-arc by the 
point pi, which is the nucleus of the conic Ci. So the 6 nuclei of the tonics Ci, . . . , Cs 
are the points pl, . . . ,ps which constitute again K. The dual of the unique hyperoval 
K in PG(2,4) is (up to a projectivity) again K. So K constitutes a dual 6-arc of 
itself. 0 
Theorem 3.8. In PG(q - 2, q), q even, any point p which extends a normal rational curve 
K to a (q+2)-arc, belongs to all osculating hyperplanes of K. 
Proof. The normal rational curve K1 = ((1, t, . . . , tgw2) 11 tEGF(q)+} is projectively 
equivalent to the (q+l)-arc K2={e0,...,eg_2,rq_-l,rq} where ei,r,+,,r, are 
f?i(O ,..., O,l,O ,..., 0) (O<i<q-2), rq_I(l ,..., l), r,(l,x ,..., xg-‘) (x a primitive 
element of GF(q)). 
The projective transformation 
with Zi=xi and l<i<q-2, maps K2 onto K,. We need only to check ~(1, . . ..l) 
and cc(l,x, . . . . xqm2). Using Lemma 3.1, we obtain ~(1, . . . . l)=(l,O, . . . . 0) and 
cI(l,x, . . . ,x4-2)=(0, . . ,o, 1). 
We now look at the action of a on the osculating hyperplanes y of K2. If y: tiT X = 0 
and a(y): aTx=O, then ZT =aT A. 
The osculating hyperplane of K1 at (0, . . ,O, 1) is X0 =0 (see Section 3.2). 
IfaT=(l,O ,..., O),thenaT=zT A=(1,...,1).Thismeansy,:X,+~~~+Xq_2=Oisan 
osculating hyperplane of K2. It is the osculating hyperplane to K2 at (1, x, . . . , xgp2). 
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If p(y,,...,yq_2) extends Kz to a (q+2)-arc, all elements yi (Odidq-2) are 
different and nonzero. Hence, they are all the elements of GF(q)*. 
From Lemma 3.1, CT:,’ yi = 0 and, consequently, p belongs to yl. Any point p of 
PG(q - 2, q) which extends K2 to a (q + 2)-arc, belongs to the osculating hyperplane of 
Kz at (Lx, . . . ,xqm2 ). The projective group of K2 is transitive on its points. Therefore, 
the points of PG(q-2, q) which extend K2 to a (q+2)-arc must belong to all the 
osculating hyperplanes of K, . 0 
Remark 3.9. We know from Section 3.2 that the osculating hyperplanes of 
K={(l~,...,t~-~ ) 11 tEGF(q)+} intersect in the subspace Xzi=O, i=O, . . . ,(q/2)- 1. 
The points p(ao, . . , aq_2) of PG(q-2,q) which extend K to a (q+2)-arc therefore 
satisfy a2i=O, i=O, . . . ,(q/2)- 1. 
Theorem 3.10. A point ~(a,, . . . ,LZ~_~), with a2i=O, and i=O, . . . ,(4/2)-l, extends 
K=((l,t,..., tqp2) 11 teGF(q)+} to a (q+2)-arc ifand only ~~F(X)=~~!~U,_~_~X’+’ 
defines a dual (q+2)-arc K’={(l,x,F(x)) II =GF(q)}u{(O, LO), (O,O, l)} ofKu{p). 
This correspondence between the points p and the (q+2)-arcs K’ is one-to-one if we 
add the condition F(l)=Cq=,2Uq_2_i= 1. 
Proof. Consider the matrices 
1 1 ... 1 
GF(q);F(X)=C~~~aq_2_iXi+‘), 
and 
We shall show that G and H define dual codes. The first and second row of G are 
orthogonal to every row of H. This is proved using Lemma 3.1. 
The product of the last row of G with row j (0 <j < q - 2) of H is 
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However, 1;1,2 x!+~+’ . IS nonzero (and hence equal to 1) if and only if j + k + 1~ 
0 mod(q-l)oj=q-2-k (see Lemma 3.1). Therefore, Uj+C~r,2X~F(xi)=aj+aj=O. 
The theorem now follows from the fact that a code C is MDS if and only if its dual 
code C’ is MDS [S, p. 3191. 0 
Definition 3.11 (Glynn [2]). Let 5 be the following partial ordering on the set of 
integers n where 0 <n d q - 1. 
Assume that b = IF=“=, bi2’ and c = EYE”=, ci2i, where 0~ bi, ci < 1, are the binary 
expansions of b and c. Then b 5 c if and only if bi < ci for i = 0, . , m. 
Theorem 3.12 (Glynn [2]). The set ((1, x,F(x)) II xEGF(q)}u{(O, l,O), (O,O, l)} with 
F(X)=CqIz uiX’,F(O)=O and F(l)= 1, is u (q+2)-mc in PG(2,q) ifund only if the 
coefJicient of Xc in F(X)b mod (X4-X) is zero for all pairs of integers (b, c) satisfying 
l<bbc<q-1, b#q-1 and b<c. 
Theorem 3.13 (O’Keefe and Penttila [6]). Let F(X)=CqifuiXi and suppose 
th~t~~~~u~~l.Thentheset{(1,x,F(x))~~x~GF(q)}u{(O,1,0),(0,0,1))isu(q+2)-urc 
in PG(2,q) if and only if for all b with l<b<q-2, and all c<q-1 with b<c, 
we have 
(1) 
where b=ccI + ‘.’ + a,, uj are distinct powers of 2 and the sum is over the set I consisting 
of all sets {il , . . . ,i,> with c=~~‘, ikEkmod(q-1). 
Remark 3.14. Theorem 3.12 with b= 1 implies that all coefficients azj+ I 
(j=O , . . . ,(q/2)-2) are zero. Therefore, F(X)=Cp=-12)‘2 a2iX2’. We know from 
Theorem 3.10 that these polynomials F(X)=C‘rZ-12)12 a2iX2’ are in one-to-one corres- 
pondence with the points (0, a4 _ 2, 0, a4 _ 4, 0, . . . , 0, a2, 0) of the ((q/2) - 2)-dimensional 
subspace ~(r: X2,=0 (i=O, . . . ,(q/2)- 1) which extend the normal rational curve 
K={(l,t,...,t@ ) 11 teGF(q)+} to a (q+%)-arc. 
Equation (1) define hypersurfaces in the projective subspace c1r of 
PG(q-2, q). These hypersurfaces of aI intersect in the points which extend K to 
a (q +2)-arc. 
Theorem 3.15. In PG(6,8), the points (0, a, 0, b, 0, c, 0) which extend K = { (1, t, . . . , t “) 11 
tEGF(8)+} to a lo-arc, are the 10 points of the lo.-arc ((1, t, t2) II tgGF(g)+}u{(O, LO)} 
in the subplane X0 =X2 =X4=X, = 0; moreover, every lo-arc of PG(2,8) is a regular 
hyperoval, i.e. a conic and its nucleus. 
Proof. Let ~(0, u,O, b,O, c,O) extend K to a lo-arc. 
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Part 1: We show that there is a projectivity i of K for which i(p) has second 
coordinate equal to zero. Assume a # 0 and c #O. The projective transformation 
f: 
x0 
Xl 
x2 
x3 
x4 
X5 
X6 
t-b 
10 0 00 00 
s 10 00 00 
s2 1 0 0 0 0 0 
s3 si. s 10 00 
s4 0 0 0 1 0 0 
s5 s4 0 OS 10 
s6 s4 0 0 s2 0 1 
x0 
Xl 
x2 
x3 
x4 
X5 
X6 
fixes K and maps p onto ~‘(0, a, 0, s2 a + b, 0, s4a + c, 0). 
Since a # 0 and c # 0, there is a unique s such that s4a + c = 0. Then ~‘(0, a, 0, d, 0, 0,O) 
(d= s2a + b). K is also fixed under the transformation g :(x0, . . . ,x6) H (x6,. . . ,x0). 
Hence, g(p’)=(O,O,O, d,O, a, 0) extends K to a lo-arc. If a#0 and c=O, then 
g(p) = (O,O, 0, b, 0, a, 0) extends K to a lo-arc. 
Part 2: Suppose p(O,O,O,a,O, b,O) extends K to a lo-arc and assume that a and b 
are nonzero. The projective transformation h : (x0, . . . , x6) H (x0, sxr , . . . , s6xs) fixes 
K and maps p onto p”(O,O,O,a,O, s2b,0) (sEGF(S)*). 
Select s such that a = s2 b. Hence, p”(O,O, 0, 1, 0, 1,0) extends K to a lo-arc. It follows 
from Theorem 3.10 that the set of 10 points M={(1,x,x2+x4) /I XEGF(~)}U{(O, LO), 
(O,O, l)} is a lo-arc in PG(2,8). This is false, since M contains (LO, 0), (0, LO), (1, LO). 
Therefore, p is either pl(O,O,O, l,O,O,O) or p2(0,0,0,0,0, 1,O). The point p1 is the 
nucleus of K and extends K to a lo-arc (3.2) and p2 = e4 _ 2~ _ 1 (k = 1) also extends K to 
a lo-arc (Theorem 3.2). 
Part 3: The images of p1 and p2 under the collineation group G of K also extend the 
normal rational curve K to a lo-arc. 
The point p1 is fixed by G since p1 is the nucleus of K, while the images of pz 
constitute a conic ((1, t, t2) 11 tEGF(8)+} in the plane X0 =X2 =X4=X6 =0 (see 
Remark 3.3). 
According to Theorem 3.10, p1 corresponds with the lo-arc { (1, x,x”) 11 xeGF(8)+ }u 
((0, 1, 0)} = ((1, y2, y) I/ yeGF(8)+ }u{ (O,O, l)} (x = y’), while p2 corresponds with the 
lo-arc {(1,x,x2) II xeGF(8)+}u((O, 1,O)). This proves that PG (2,8) only contains 
regular hyperovals. 0 
~((0, LO), (O,O, l)} in Remark 3.16. Let K be the lo-arc ((l,x,F(x)) 11 XEGF(~)} 
PG(2,8), with F(X)=azX2+a4X4+a6X6 and F(l)=l. 
It was first noticed by Glynn that the triples (a6, a4,a2 ) constitute a regular 
hyperoval (i.e. a conic and its nucleus) in a plane PG(2,8) [2]. 
It was proved by O’Keefe and Penttila that there exist exactly q+2 different 
polynomials F,(X), . . . , F,+,(X), satisfying (a) degFi(X)<q-2, (b) Fi(O)=O, 
(c) Fi(l)=l, such that the set of q+2 points {(l,~,Fi(x))[I xeGF(q)}u{(O, l,O), 
(O,O, l)} is a regular hyperoval in PG(2, q) (428) [6]. 
370 L. Slorme, J.A. Thas 
These polynomials include F1 (X) = X 2 and F2 (X) = X412. 
Following Theorem 3.10, F1 (X)=X 2 corresponds with the point e4 _ 3 (0, . . . , 0, 1,0) 
and F2(X)=Xq12 corresponds with e Cqi2J_ 1 of PG(q - 2, q). The point eC4,21 _ is the 
nucleus of the normal rational curve K = K0 = { (1, t, . . . , tqe2) 11 teGF(q)+ } while 
e,_3(0, . . . , 0, 1,O) is the point with parameter co of the corresponding normal rational 
curveK,={(1,t,...,t’q12’-2 ) 11 tEGF(q)+ } in the ((q/2) - 2)-dimensional subspace txr : 
Xzi=O (i=O, ,(q/2)- 1) (Section 3.2). 
A normal rational curve has a transitive projective group. That is why all points of 
K 1 are equivalent with respect to K = K,,. Therefore, the q + 2 points of the ((q/2) - 2)- 
dimensional subspace CC, : X,i = 0, i = 0, . . . , (q/2) - 1, which correspond, according to 
Theorem 3.10, to the q + 2 polynomials Fi( X) (i = 1 ,...,q+2)mustbetheq+lpoints 
of the normal rational curve K1 = { (1, t, . . . ,t(412)-2) II teGF(q)+} in c(r and the nu- 
cleus of K={(l,t, . . ..tqe2) II tEGF(q)‘}. 
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